If (i) is replaced by (i')MN = NM we have Goethals-Seidel matrices. These matrices are very important to the determination of the Hadamard conjecture: that there exists an Hadamard matrix of order 4t for all natural numbers t. This paper shows how the Williamson type and Goethals-Seidel type Hadamard matrices may be combined by introducing F-matrices which are a generalization of both Williamson and Goethals-Seidel matrices. Several constructions for F-matrices are given showing they exist for the new orders 119, 171, 185, 217 and the new classes 1 / 4 q(q + I), q = 3(mod 8) a prime power and 1 / 2 p(p -3), p -4(mod 4) and p -4 both prime powers (among others).
INTRODUCTION AND BASIC DEFINITIONS
A matrix with every entry + 1 or -1 is called a ( 
1, -I)-matrix. An
Hadamard matrix H = (hiJ) is a square (1, -1) matrix of order n which satisfies the equation
We use J for the matrix of all 1 's and I for the identity matrix.
The Kronecker product is written x. The status of knowledge about Williamson matrices and Baumert-Hall arrays is summarised below; these, together with the following theorem, give many infinite families of Hadamard matrices. 
THEOREM 1 (Baumert and Hall). If there exists a Baumert-Hall array of order t and a Willimson matrix of order m then there exists an
It is shown in [9] that if M is a type 1 (1, -1 Also in [9] , it is shown that R = (riJ) of order v, defined on V by 
We will call four (0, 1, -1) matrices Xl' X 2 , X 3 , X 4 of order x which satisfy (i) Xi * X j = 0, i 7' = j, where * is the Hadamard product, see [9] , (2) viz.,
GS=
In this case R is found by using (1) and the cyclic group of order m.
Also in [9] it is noted that Wallis and Whiteman observed that A, B, C, D only need be type 1. 
THEOREM 2. (Cooper and Wallis). If there exist T-matrices of order t there exists a Baumert-Hall array of order 4t.
The construction for the proof of Theorem 2 (see [9] ) depends on the Goethals-Seidel array.
SOME USEFUL MATRICES
The following theorem shows how the Williamson construction (the B i ) and the Goethals-Seidel construction (the Ai) may be combined to construct Hadamard matrices. 
then, with R defined as above on the same abelian group as the Ai ,
is an Hadamard matrix of order 4ab.
Proof The verification is straightforward. Henceforth we will call the matrices Ai X Bi , i = 1,2,3,4 of the theorem F-matrices and we will say H is an Goethals-Seidel like Hadamard matrix. The Ai will he called the GS-part and the Bi the W-part of the F-matrix.
Matrices which are linear combinations of terms such as Ai X Bi and which can be used in H to form an Goethals-Seidel like Hadamard matrix will also be called F-matrices.
Clearly any Williamson type or Goethals-Seidel type matrix is also an F-matrix.
Let Xl , X 2 , X3 ,X 4 be four type 1 (l, -1) matrices of order n (odd) with the properties
, and the diagonal elements are positive,
Multiplying both sides of (iv) by J shows G-matrices can only exist for 
A CONSTRUCTION FOR F-MATRICES USING G-MATRICES
We now give some theorems showing how G-matrices may he used to construct F-matrices. 
are F-matrices of order nv.
Proof Clearly the Ai are (1 -1), matrices with W-parts and GS-parts. Now
so we have the result. a (v, t(V -1), Hv -3) ) difference set. Then there exist F-matrices of order.
Proof Use the following difference sets in the previous corollary t(v -1), i(v -3) ) difference set.
In particular, for n = 5, 7, 9 and (i), (ii), (iii), we have F-matrices of order 55, 95,105,115 171 189,217, of which orders no Williamson type matrix was yet known for 105 and 171. It is also possible to find anF-matrix of order 351 using Corollary 6 (iii). COROLLARY The following theorem also gives F-matrices from G-matrices. 
Suppose there exist G-matrices of order n. Further suppose there exists a (v, k, A) difference set, D, and a (v, t(v -1), i(v -3)) difference set defined on the same abelian group. Then there exist F-matrices of order
That is Al , A2 , A3 , A4 are F-matrices of order nv.
and the Ai are F-matrices as required.
We note from [9] that a (1, -1) matrix 1 + N of order a is a symmetric conference matrix if NNT = (a -1) I, NT = N. These exist for orders p + 1 == 2 (mod 4), p a prime power and some other orders.
The existence of a symmetric conference matrix of order v + 1 is equivalent to the existence of 2 -{v; t(v -1); t(v -3)} sds and; of course, there exist (v, v, v) and (v, v-I, v -2) 
Proof In the theorem use for (i) the (v, v, v) difference set twice; (ii) the (v, v, v) and (v, v- Using (iii) and the existence of a (37,9,2) cyclic difference set we find an F-matrix of order 185 for which order no Williamson matrix is yet known.
CONSTRUCTION USING MATRICES OF WHITEMAN
THEOREM 14. Suppose X, Yare (1, -1) matrices of order v such that 
are F-matrices of order mv and may be used to form an Goethals-Seidel like Hadamard matrix of order 4mv.
Proof It is easy to check that Then using Theorem 3 we have the result. Now Whlteman (see [9, Proof Let X be the type 1 (1, -1) incidence matrix of the (v, k, A) difference set and let Y be the type 2 (1, -1) incidence matrix of the (v, t(v -1), tev -3)) difference set in the theorem.
CONSTRUCTIONS USING THE RESULTS OF SZEKERES AND GOETHALS-SEIDEL
We use a construction of Szekeres and Co U C a , are 2 -{4f + 1; 2f; 2f -I} sds with the property that
Hence the type 1 (1, -1) incidence matrices of these two sets satisfy
Suppose N is a type 1 (1, -1) matrix defined on the same group as Co U C 1 and Co U C a and such that NT=N, (e.g., J or J -2/). Now as N, X, Yare all type 1 they commute (see [9] ). Hence Proof Use the (p,p,p) and (p,p -1,p -2) difference sets. This also gives F-matrices for orders 65 and 119, for which orders no Williamson type matrices are yet known. This result does not give new Hadamard matrices. In fact, Williamson type matrices exist for orders tp(p + 1). Nevertheless, that there are F-matrices of order tp(p -3) is of interest because of the structure of the resultant Hadamard matrix.
FINAL REMARKS
It is the author's opinion that the Goethals-Seidel array and its adaption by Wallis and Whiteman for abelian groups is highly significant to the solution of the conjecture: that there exists an Hadamard matrix of order 4t for all natural numbers t. We list here those orders and classes for which F-matrices are known.
In the following list we use: (xiii) some others with more restrictive conditions.
